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Abstract
On a manifold equipped with a bivector field, we introduce for
every Hamiltonian a Lagrangian on paths valued in the cotangent space
whose stationary points projects onto Hamiltonian vector fields. We
show that the remaining components of those stationary points tell
whether the bivector field is Poisson or at least defines an integrable
distribution - a class of bivector fields generalizing twisted Poisson
structures that we study in detail.
Contents
1 Introduction 2
2 Foliated bivector fields 4
2.1 Definitions and notations . . . . . . . . . . . . . . . . . . . . 4
2.2 Examples of foliated bivector fields . . . . . . . . . . . . . . . 4
2.3 General theory of foliated bivector fields . . . . . . . . . . . . 7
2.4 Weakly foliated bivector field . . . . . . . . . . . . . . . . . . 10
3 Poisson structures and foliated bivectors: Lagrangian the-
ory 12
3.1 Definitions and notations . . . . . . . . . . . . . . . . . . . . 13
3.2 A functional on the space of paths valued in the cotangent
bundle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
3.3 Statement of the main results . . . . . . . . . . . . . . . . . . 17
3.4 Several counterexamples . . . . . . . . . . . . . . . . . . . . . 23
4 Relation with Poisson σ-models 25
∗Universite´ de Lorraine, Institut Elie Cartan de Lorraine UMR 7502, Metz, F-57045,
France. yahya.turki@univ-lorraine.fr
†Universite´ de Monastir, Faculte´ des Science de Monastir, Avenue de l’environnement
5019 Monastir, Tunisie
1
1 Introduction
Poisson σ-models, developed by Ikeda [8] and Shaller-Strobl [15] is now a
well-developed theory, well-known to give an alternative approach to Kontse-
vich star-product, see Cattaneo-Felder [3]. Poisson σ-models is based on the
study of a certain functional, defined on vector bundle morphisms from the
tangent space of a cylinder to the cotangent space of a manifoldM equipped
with a bivector field π. Our purpose is to study a very natural functional
LH , which is in the same spirit as the one defining Poisson σ-models, but
the dimension of the source manifold is 1 and M comes equipped with a
bivector field and a function. Explicitly, this functional is given by:
LH(α) =
∫ 1
0
〈
XH |x(t) −
dx(t)
dt
, α(t)
〉
dt, (1)
with XH being the Hamiltonian vector field. Our functional is also inspired
by the celebrated functional of Weinstein [18], which is defined on paths
valued in an exact symplectic manifold (M,ω = dβ):
LH(α) =
∫ 1
0
(〈
βx(t),
dx(t)
dt
〉
−H(x(t))
)
dt, (2)
See section 4 for a more precise relation between all those functional. The
initial purpose of the present article is to state results of the form ”A bivector
field is of type X if and only if the stationary points of LH are, for all H, of
type Y”. We were especially interested to find the Y corresponding to X =
”Poisson” and the X corresponding to Y = ”cotangent paths”. To be able
to state such a result, we are obliged to introduce several new notions.
1. Quasi-cotangent paths (with respect to a function H ∈ C∞(M)),
which are simply paths α(t) in T ∗M for which π#(α) − dx(t)
dt
is XH -
invariant, with x the base path of M . In particular cotangent paths
are quasi-cotangent.
2. Foliated bivector fields, which are defined to be those for which the
distribution π#(T ∗M) is integrable. This is a subtle notion that we
claim to have an interest of its own. For every singular integrable
distribution in the sense of Sussmann [16,17], it is natural to look for an
algebroid whose image through the anchor map gives the distribution,
at least locally [1]. For foliated bivector fields, this algebroid is not a
priori given and does not seem easy to guess. This open question will
be addressed in a subsequent paper.
3. Weakly foliated bivector fields, which are defined to be those for which
the distribution π#(T ∗M) is integrable, so to say, at every point, i.e.
such that
[
π#(T ∗M), π#(T ∗M)
]∣∣
m
is the image of π#m at every point
m of the manifold M .
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Our main result states the following, see theorem 24 for more details. Let
M be a manifold and π be a bivector field on M .
1. If X = ”foliated” then Y = ”cotangent paths” for every function H ∈
C∞(M).
2. If X = ”weakly foliated” then Y = ”cotangent paths” for every function
H ∈ C∞(M).
3. X = ”Poisson” if and only if Y = ”quasi-cotangent paths” for every
function H ∈ C∞(M).
The reader may notice that we do not work with loops, but with paths, which
is highly surprising since from Weinstein’s Lagrangian (2), it is periodicity
that makes things interesting. We are in fact also interested by the periodic
case, but this should be postponed to a subsequent article.
The paper is organized as follows. Section 2 is devoted to the study
of a new type of bivector fields that we call foliated bivector fields, which
are defined to be those bivector field π for which the distribution π#(T ∗M)
is integrable. As will appear in the course of section 2, foliated bivector
fields are strongly related to twisted Poisson structures [9,10]. Indeed, these
structures, also called Poisson structures with background, are shown in
proposition 3 to be foliated. Also, every foliated bivector field comes from
a twisted Poisson structure at regular points, see proposition 4. Last, each
leaf of a foliated Poisson structure comes equipped with a twisted Poisson
structure of maximal rank, see theorem 8. Conformally Poisson structures
are also among examples (see proposition 6), indeed, in contrast with Poisson
structures, foliated bivector fields are a C∞(M)-module. Also, weak Poisson
structures are defined and related to their ”strong” counterpart.
In section 3, the Lagrangian briefly introduced in (1) above is studied in
details, and the main result of this paper, theorem 24, is stated and proved.
Section 4 explains the relation with Poisson σ-models.
I express my gratitude to the University of Monastir for two ”bourses
d’alternance” that I received while preparing this manuscript.
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2 Foliated bivector fields
2.1 Definitions and notations
We define foliated bivector fields and indicate here some definitions, nota-
tions and results which will be needed in the sequel. From M is an arbi-
trary manifold of dimension n, and A•(M) :=
∑n
k=0A
k(M) is the Gersten-
haber algebra of multivector fields, equipped with the wedge product and
the Schouten-Nijenhuis bracket, that we simply denote by [· , ·]. Here, given
a vector space E, for all π ∈ ∧2E we denote by π# the morphism of vector
bundle of E∗ → E given by for all ξ, η ∈ E∗:〈
π#(ξ), η
〉
= 〈π, ξ ∧ η〉 . (3)
When 〈α ∧ β, ξ ∧ η〉 = 〈α, ξ〉 〈β, η〉 − 〈α, η〉 〈β, ξ〉 is the natural pairing be-
tween ∧2E and ∧2E∗. We recall [5, 6, 11] that a Poisson structure is a
bivector field π ∈ A2(M) satisfying [π, π] = 0. This property implies that
the biderivation of C∞(M) defined by
{F,G} := 〈π, dF ∧ dG〉
is a Lie bracket, and that the map assigning to a function F its Hamiltonian
vector field XF := π
#(dF ) is an anti-Lie algebra morphism, i.e. [XF ,XG] =
X[F,G]. for all F,G ∈ C
∞(M). This implies that:
[
π#(Ω1(M)), π#(Ω1(M))
]
⊂ π#(Ω1(M)). (4)
Equation (4) means that the locally finitely generatedC∞(M)-module π#(Ω1(M))
(which is a sub-module of A1(M)) is a integrable distribution. However, a
bivector π can verify the latter property if it is not Poisson. This is precisely
the point of the following definition:
Definition 1 LetM be a manifold. We call foliated bivector field a bivector
field π ∈ A2(M) such that the image of π# : Ω1(M)→ A1(M) is a integrable
distribution.
The following lemma is immediate.
Lemma 2 A bivector field π ∈ A2(M) is foliated if and only if for any pair
F,G of functions on M , there exists a 1-form αF,G such that [XF ,XG] =
π#(αF,G).
2.2 Examples of foliated bivector fields
Obviously, if π ∈ A2(M) is Poisson, then π is foliated. But there are more
example.
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Let M be a smooth manifold. A pair (π, φ), where π is a bivector field
and φ is a closed 3-form, is called a twisted Poisson structure [9, 10,13] if it
satisfies:
1
2
[π, π] = ∧3π♯(φ) and dφ = 0. (5)
Proposition 3 For every twisted Poisson structure (π, φ) the bivector field
π is foliated.
Proof. The proof is a special case of a more general phenomenon: for any
Lie algebroid [12], the image of the anchor is an integrable distribution. A
twisted Poisson structure [4,14] induces a Lie algebroid structure on T ∗M →
M , with anchor map π♯, and Lie bracket on Ω1(M) given by:
[α, β] = Lπ♯(α)β − Lπ♯(β)α− dπ(α, β) + ı(π♯(α)∧π♯(β))φ. (6)
In particular, for all F,G ∈ C∞(M), we have:
[dF, dG] = d {F,G} + ı(XF )∧(XG)φ, (7)
with, as before, {F,G} = π(dF, dG). Since π♯ is the anchor map of this Lie
algebroid structure, π♯([dF, dG]) =
[
π♯(dF ), π♯(dG)
]
= [XF ,XG]. Applying
π♯ to both sides of (7) gives
[XF ,XG] = π
♯(d {F,G} + ı(XF )∧(XG)φ) (8)
and consequently:
[XF ,XG] = π
#(αF,G) where αF,G = d {F,G}+ ı(XF )∧(XG)φ.
The result follows from lemma 2. 
Twisted Poisson structures are in fact the generic example in the sense
that at regular points, foliated bivector fields always arise (locally) from a
twisted Poisson structure. Recall that a bivector field π# is regular when
the rang of π#m′ : T
∗
m′M 7→ Tm′M does not depend on m
′ ∈ U , where U is a
neighborhood of m′, and regular at a point m′ ∈ M when its restriction to
a neighborhood is regular.
Proposition 4 Let π be a foliated bivector field on a manifold M .
1. For every regular point m ∈M of π, there is a neighborhood U and a
closed 3-form ϕ ∈ Ω2(U), such that (π, ϕ) is a twisted Poisson struc-
ture on U .
2. Moreover, if M is oriented, there exists a closed 3-form ϕ defined on
the open subset of all regular points Ureg, such that (π, ϕ) is a twisted
Poisson structure on Ureg.
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Proof. It suffices to prove item 2, since every point has a neighborhood
which is an oriented submanifold. By definition of a regular point, the point
m admits a neighborhood U on which the distribution E := π#(T ∗M) is
of constant rank, rank which is an even number, say 2s. Since the bivector
field π is foliated, this distribution is integrable. We can make use of the
classical Frobenius theorem for distributions of constant rank, and deduce
that there is a regular foliation E such that Em′ = Em′ for all m
′ ∈ U . Of
course, π is tangent to E and its restriction to every leaf of E is a bivector
field of maximal rank. It can therefore be inverted to yield, on each leaf of
E , a 2-form ωE . In turn, these 2-form can be extended to a global 2-forms ω
defined on U : For instance one can choose an arbitrary Riemannian metric
(which exists when M is oriented) and set ω to be zero on E⊥ while it
coincides with ωE on E. We claim that (π, φ := dω) is twisted Poisson. It
is clear that φ is a closed 3-form. The second condition follows from [4]. 
Corollary 5 A foliated bivector field of rank two is Poisson.
Proof. Let M a variety and π a foliated bivector field of rank 2. Every
regular point m admits, by Frobenius theorem, a neighborhood equipped
with a system of local coordinates (x1, . . . , xn) such that:
Im(π#) =
〈
∂
∂x1
, ∂
∂x2
〉
. Consequently π = ϕ(x) ∂
∂x1
∧ ∂
∂x2
for some smooth
function ϕ and a direct computation gives [π, π] = 0. Regular points being
dense in M , the relation [π, π] = 0 holds at all points. 
There are classes of foliated bivector fields which are a priori not twisted
Poisson at non-regular points. We introduce one of them:
Let M be a smooth manifold. A bivector field π is called a conformally
Poisson structure [2] if it can be written as π = φπ′ with φ ∈ C∞(M) and
π′ a Poisson structure. We prove the following:
Proposition 6 Let π be a foliated bivector field on a manifold M . Then for
every function φ ∈ C∞(M), the bivector field φπ is foliated. In particular,
conformally Poisson structures are foliated bivector fields.
Proof. Let π′ be a foliated bivector field, φ a smooth function on M and
π = φπ′. For F a function, we denote by XF and X
′
F its Hamiltonian vector
field with respect to π and π′ respectively. The relation XF = φX
′
F holds.
Since π′ is foliated, lemma 2 implies that there exists a 1-form α′F,G such
that [
X
′
F ,X
′
G
]
= (π′)#(α′F,G),
relation that we use to go from the second to the third line of the following
computation:
[XF ,XG] =
[
φX
′
F , φX
′
G
]
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= φ2
[
X
′
F ,X
′
G
]
+ φX
′
F [φ]X
′
G − φX
′
G[φ]X
′
F
= φ2(π′)#(α′F,G) + φX
′
F [φ]X
′
G − φX
′
G[φ]X
′
F
= φ(π′)#(α′F,G) + X
′
F [φ]XG − X
′
G[φ]XF
= π♯(φα′F,G + X
′
F [φ]dG− X
′
G[φ]dF )
= π♯(αF,G)
with αF,G = φα
′
F,G + X
′
F [φ]dG − X
′
G[φ]dF . The result then follows from
lemma 2. 
Example 7 We give an example of a bivector field that is not foliated. We
suppose that M = R3 with coordinates (x, y, z) and we set:
π = x
∂
∂x
∧
∂
∂y
+
∂
∂z
∧
∂
∂y
+
∂
∂x
∧
∂
∂z
. (9)
We compute:
π♯(dx) = −x
∂
∂y
−
∂
∂z
; π♯(dy) = x
∂
∂x
+
∂
∂z
; π♯(dz) =
∂
∂x
−
∂
∂y
.
Therefore: [
π♯(dy), π♯(dz)
]
= −
∂
∂x
.
There is no point in R3 where ∂
∂x
is in the image of π♯. In fact x ∂
∂x
+ ∂
∂z
and −x ∂
∂x
− ∂
∂y
generate the image of π♯. So if ∂
∂x
in the image, then so are
∂
∂y
and ∂
∂z
hence π♯(T ∗M) = TM which is impossible because the image of
π# must be of even dimension at all point.
2.3 General theory of foliated bivector fields
It is well-known [18] that every Poisson structure π on a manifoldM induces
a symplectic foliation, i.e. a foliation whose leaves come with a symplectic
structures. For foliated bivector fields, there is a similar result, which ex-
tends a result already well-know for twisted Poisson structures, see [10,14]:
Theorem 8 Let π be foliated bivector field on a manifold M . Then
1. There exists a foliation F on M such that, for all m ∈M , the tangent
space of the leaf through m is π#m(T ∗M)
2. Each leaf of F comes with a non-degenerate 2-form ω such that for
all H ∈ C∞(M),∀m ∈ M,ω(XH |m, •) = dmH |Σm when Σm is the leaf
through m ∈M
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Proof. The first point follows from the fact that π#(Ω1(M)) is a locally
finitely generated C∞(M)-module closed under bracket, so that the theorem
of Sussmann [17] on integrability of non-regular distribution holds. By con-
struction, π is tangent to each of these leaves and its restriction is of maximal
rank. It can therefore be inverted to yield a non-degenerate 2-form. 
Let E → M and F → M two vector bundles over the manifold M , P1 and
P2 two morphisms of vector bundles from E to F over the identity over M .
We shall say that the image of P1 is contained in the image of P2, and we
write Im(P1) ⊂ Im(P2) if for any local section α of E → M , there is a
section β of E →M such that:
P1(α) = P2(β).
Remark 9 Note that if Im(P1) ⊂ Im(P2), then at any point m ∈ M , the
image of the linear mapping (P1)m : Em → Fm is contained in the image of
the linear mapping (P2)m : Em → Fm. The converse is false as shown by
the following example:
πA = (x
2 + y2)
∂
∂x
∧
∂
∂y
and πB = (x
2 + y2)2
∂
∂x
∧
∂
∂y
.
It is clear that Im(π♯A)m = Im(π
♯
B)m at every point m ∈ R
2. However for
α = dx, the vector field
π
♯
A(α) = (x
2 + y2)
∂
∂y
can not be written as π#B (β), since a 1-form β = F (x, y)dx+G(x, y)dy such
that π♯B(β) = π
♯
A(α) should satisfy:
π
♯
B(F (x, y)dx +G(x, y)dy) = (x
2 + y2)2F (x, y)
∂
∂y
+ (x2 + y2)G(x, y)
∂
∂x
.
This imposes, G(x, y) = 0 and (x2+ y2)2F (x, y) = (x2+ y2), and F (x, y) =
1
x2+y2
for all (x, y) 6= (0, 0). But F (x, y) = 1
x2+y2
can not extended by
continuity at the point (0, 0) so such a 1-form β does not exist.
Together with lemma 2, the next criterium shall be useful in the sequel:
Proposition 10 Let π a bivector field on a manifold M . Then the following
points are equivalent:
(i) π is foliated,
(ii) for any function H ∈ C∞(M), we have Im((LXHπ)
#) ⊂ Im(π#).
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Proof. Let H ∈ C∞(M) and α ∈ Ω1(M).[
XH , π
#(α)
]
= LXH (π
#(α))
= (LXHπ)
#(α) + π#(LXHα).
If π is foliated, then there exist ω ∈ Ω1(M) such that
[
π#(dH), π#(α)
]
=
π#(ω), hence
(LXHπ)
#(α) = (π#)(ω)− π#(LXHα) = π
#(ω − LXHα),
so that Im(LXHπ)
# ⊂ Im(π#) and (i) implies (ii). Conversely, if the
inclusion Im((LXHπ)
#) ⊂ Im(π#) holds, then for any function F ∈ C∞(M)
there is a 1-form βF such that (LXHπ)
#
dF = π#(βF ). The previous relation
applied to α = dF ,
[XH ,XF ] =
[
XH , π
#(dF )
]
= (LXHπ)
#
dF + π#(LXHdF )
= π#(αF,H) with αF,H := βF + LXHdF.
Since F and H are arbitrary smooth functions on M , lemma 2 implies that
π is a foliated bivector field and (ii) implies (i). This completes the proof.

Proposition 11 Let (M,π) be a foliated bivector field. Then for every
function H ∈ C∞(M), there exists a 1-1 tensor CH : TM → TM such
that (LXHπ)
# = CH ◦ π
#.
The proof uses the following lemma:
Lemma 12 Let E → M and F → M be a pair of vector bundles over
M . Let P1 and P2 two morphisms of vector bundles over the identity of the
manifold M . If Im(P1) ⊂ Im(P2), then there exists D such that P1 = P2◦D.
Proof. We begin by showing the result locally. Let m ∈ M be a point,
and U a neighborhood of this point on which there is a local trivialization
(e1, . . . , ed) of E, with d the rank of E. Then for all i = 1, . . . , d there exists
a section βi of E such that P1(ei) = P2(βi). As the sections (e1, . . . , ed)
form a local basis of E, we can rewrite the sections βi in this basis, thus
obtaining:
βi =
d∑
j=1
H
j
i ej
therefore
P1(ei) = P2 ◦DU (ei)
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where DU is the matrix (H
j
i )i,j=1,...,d, matrix corresponding to a morphism
of vector bundles over the identity of U still denoted by DU . The identity
P2 ◦ DU = P1 holds on U by construction. Now, choose an open cover
(Uk)k∈K of M by open sets associated a partition of unity (ϕk)k∈K , such
that E is trivializable on each open subset Uk. For each indice k ∈ K, there
exists a morphism of vector bundles Dk : E → E, over the identity of Uk,
such that P2 ◦Dk = P1. The morphism of vector bundle D : E → E, over
the identity of M , given by D :=
∑
k∈K ϕkDk satisfies P1 = P2 ◦ D by
construction. The lemma follows. 
We can now prove the proposition 11.
Proof. By proposition 10, π is foliated if and only if Im (LXHπ)
# ⊂
Im(π#) for an arbitrary smooth function H. By lemma 12, there exists, for
all H ∈ C∞(M), a morphism DH : T
∗M → T ∗M of vector bundles over the
identity of M such that
(LXHπ)
# = π# ◦DH . (10)
Both sides of (10) are vector bundle morphisms from T ∗M to TM , so their
dual maps also are vector bundle morphisms from T ∗M to (T ∗M)∗ = TM
(upon identifying the bidual with the dual). Recall that for every bivector
field π′, the morphism (π′)# : T ∗M → TM is antisymmetric, i.e. ((π′)#)∗ =
−(π′)#. Taking the dual of (10) therefore yields (LXHπ)
# = D∗H ◦π
# where
D∗H : TM → TM is the dual of DH . Note that D
∗
H is a 1-1 tensor, so that
CH = D
∗ satisfies the requirements of proposition 11. 
2.4 Weakly foliated bivector field
As we saw in the course of remark 9, a vector field X on a manifold M
equipped with a bivector field π may satisfy Xm ∈ Im(π
#
m) for every point
m ∈M without being of the form X = π#(β) for some 1-form β ∈ Ω1(M).
This difference is at origin of the following definition.
Definition 13 A bivector field π on a manifold M said to be weakly fo-
liated when for any pair α, β ∈ Ω1(M), and any point m ∈ M , we have:[
π#(α), π#(β)
]
|m ∈ Im(π
#
m).
Example 14 Foliated bivector fields are weakly foliated.
Example 15 Proposition 3 generalizes as follows. If at every point m ∈M ,
we have [π, π]m ∈ Im(∧
3π
#
m) (which is always the case for a twisted Poisson
structure), then π is weakly foliated.
The proof goes as follows. First, lemma 2 can be easily generalized: a
bivector field is weakly foliated if and only if [XF ,XG] |m ∈ Im(π
#
m) for all
10
F,G ∈ F(M) and m ∈ M . If [π, π]m ∈ ∧
3π
#
m(ω) for some ω ∈ ∧3(T ∗mM),
then, for every functions F,G and 1-form α:
〈[XF ,XG] , α〉 |m =
〈
X{F,G}|m, α
〉
+ 〈[π, π]m , dmF ∧ dGm ∧ αm〉
=
〈
X{F,G}|m, α
〉
+
〈
∧3π#(ω), dmF ∧ dmG ∧ α,
〉
=
〈
π#m(dm {F,G}), α
〉
+
〈
π#m(dmF ) ∧ π
#
m(dmG) ∧ π
#(α), ω
〉
=
〈
π#m(dm {F,G}), α
〉
+
〈
π#(α), ı(XF )m∧(XG)mω
〉
=
〈
π#m(dm {F,G}), α
〉
−
〈
α, π#
(
ı(XF )m∧(XG)mω
)〉
=
〈
π#m(dm {F,G} − ı(XF )m∧(XG)mω), α
〉
.
Above, we have used, to go from the first to the second line the relation:
[XF ,XG]− X{F,G} = ıdF∧dG [π, π] ,
while the rest of the computations are pure multilinear algebra. The previous
relations being valid for all α, it implies
[XF ,XG] |m = π
#
m(dm {F,G} − ı(XF )m∧(XG)mω),
which proves the claim.
We leave it to the reader to adapt the proof of proposition 10 to yield:
Proposition 16 A bivector field is weakly foliated if and only if for every
function F ∈ C∞(M), and every point m ∈M , the inclusion Im(LXF π)
#
m ⊂
Im(π#m) holds.
Example 17 We give two examples of weakly foliated bivector fields which
are not foliated. Let N a manifold. Consider the bivector field on M :=
N ×R2 defined by:
π = X ∧
∂
∂u
+ Y ∧
∂
∂v
(11)
where u, v are the coordinates on R2 and X,Y are two vector fields on M .
By construction:
π♯(du) = X and π♯(dv) = Y. (12)
We now choose N = R2 endowed with the canonical coordinates (x, y) and
we set:
X = xi
∂
∂x
and Y = (x2 + y2)
∂
∂y
where i is either 0 or 1, so that
π = xi
∂
∂x
∧
∂
∂u
+ (x2 + y2)
∂
∂y
∧
∂
∂v
. (13)
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The relation
[X,Y ] =
[
xi
∂
∂x
, (x2 + y2)
∂
∂y
]
= 2xi+1
∂
∂y
=
2xi+1
x2 + y2
Y,
together with (12), implies that, for all (x, y) 6= (0, 0) :
[
π♯(du), π♯(dv)
]
= π♯(β) with β =
2xi+1
x2 + y2
dv. (14)
If x 6= 0, the bivector field π is invertible at (x, y, u, v) ∈ M , so that
β = 2x
i+1
x2+y2
dv is the unique covector that satisfies (14). But 2x
i+1
x2+y2
dv can
not be extended by continuity at a point of the form (0, 0, u, v) ∈ M and
consequently the bivector field π is not foliated. We claim, however, that it
is weakly foliated. This can be deduced from the relation
[π, π] = 2 [X,Y ] ∧
∂
∂u
∧
∂
∂v
= 2
2xi+1
x2 + y2
Y ∧
∂
∂u
∧
∂
∂v
= 4
x
(x2 + y2)2
π#(dv) ∧ π#(dx) ∧ π#(dy)
= ∧3π#(ω)
with ω = 4 x
(x2+y2)2
dv ∧ dx ∧ dy. The criterion proposed in example 15 is
satisfied if (x, y) 6= (0, 0), implying that π is weakly foliated at these points.
Now, for i = 1, at a point of the form m = (0, 0, u, v) ∈ M , πm = 0,
which implies that π is weakly foliated on R4. For i = 0, at a point of the
form m = (0, 0, u, v) ∈M , the image of π# is ∂
∂x
, ∂
∂u
, which is an integrable
distribution, hence the result holds true at these points also.
3 Poisson structures and foliated bivectors: La-
grangian theory
Out of a bivector field π and a function H on a manifold M , We define a
Lagrangian on the set of all paths valued in T ∗M . Stationary points of this
Lagrangian are shown to depend on the properties of the Jacobiator of π.
In section 3.1, we define subsets of the set of paths, in the continuation of
[3]. In section 3.2, the functional is introduced and its differential defined
and computed. In section 3.3, we state and prove the main theorem of the
paper and we give in section 3.4 two counterexamples that prevent us from
getting a better result.
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3.1 Definitions and notations
Let (M,π) be a manifold equipped with a bivector field π (which is not
assumed to be Poisson). We consider the set P˜ (T ∗M) of smooth paths from
I = [0, 1] to T ∗M .
Recall [5] that a cotangent paths for π is a path α ∈ P˜ (T ∗M) which
satisfies:
π#(α(t)) =
dx(t)
dt
(15)
where x = p ◦ α, called base path, is the projection onto M of the path
α(t). We denote by P (T ∗M) the set of cotangent paths for π, following the
convention of [5, 6].
We need to define another class of paths that contains P (T ∗M). We
start by introducing a class of paths in TM associated to a vector field.
Given a vector field X of flow ϕt on a variety M , we call tangent integral
curve for X a smooth path β from I = [0, 1] to TM that verifies:
b(t) = Tϕt(b(0)). (16)
Equation (16) implies that the base path of b(t) is an integral curve of X.
Lemma 18 Let M be a manifold equipped with an arbitrary connection ∇
on TM of torsion Tor∇. For all X vector field on M , a path b(t) : I =
[0, 1] → TM is a tangent integral curve of X if and only if:
1. The base path of b(t) is on integrable curve of X,
2. ∇Xb = ∇bX +Tor
∇(X, b).
(Note that condition 1 allows to make sense of the quantity ∇Xb.)
Proof. The result is clearly true on Rn equipped with the canonical con-
nection, having in mind the fact that the base path of a tangent integral
curve of X is an integral curve of the vector field X. It is then easy to
see that the quantity ∇Xb − ∇bX + Tor
∇(X, b) does not depend on the
connection ∇, which completes the proof. 
Returning now to the general case, without assuming that M is included
in an open of Rn. We shall make use of the following notion.
Definition 19 Let M be a manifold. equipped with a bivector field π and
a Hamiltonian function H ∈ C∞(M), we call quasi-cotangent path for
(π,H) a path α ∈ P˜ (T ∗M), of base path x : I = [0, 1] → M , such that
c(t) := π#
x(t)(α(t)) −
dx(t)
dt
is an tangent integral curve of the Hamiltonian
vector field XH .
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Example 20 Of course, cotangent paths for π are for every Hamiltonian
function H ∈ C∞(M) quasi-cotangent paths for (π,H). In particular, the
path
t 7→ dx(t)H,
where x(t) is an integral curve of XH , is both a quasi-cotangent path for
(π,H) and a cotangent path for π.
The following lemma follows from lemma 18.
Lemma 21 Let M be a manifold equipped with a bivector field π and an
arbitrary connection ∇. For every function H ∈ C∞(M), define a 1-1 tensor
KH by
KHx (u) := ∇uXH |x + Tor
∇(XH , u) (17)
for all x ∈ M and all tangent vector u ∈ TxM . A path α ∈ P˜ (T
∗M) is a
quasi-cotangent path for (π,H) if and only if its base path x(t) follows the
flow of XH and
∇ dx
dt
c = KH(c)
where c(t) = π#
x(t)(α(t)) −
dx(t)
dt
.
3.2 A functional on the space of paths valued in the cotan-
gent bundle
Let M be a manifold equipped with a bivector field π. To any function
H ∈ F(M), we associate R-valued function on P˜ (T ∗M) by:
LH(α) =
∫ 1
0
〈
XH |x(t) −
dx(t)
dt
, α(t)
〉
dt, (18)
for all path α ∈ P˜ (T ∗M) with base path x.
This functional is related to several functionals that appear in the liter-
ature, but is however different, see section 3.
We would like to study the stationary points of this functional. For this
purpose, we first need to say it which sense it is differentiable. Although it
should be possible to deal with C1-paths instead of smooth paths [3], there-
fore placing ourself within the context of infinite dimensional geometry, we
prefer to work with smooth paths, and to speak of Gaˆteau differentiability.
Let N be a manifold. Let γ ∈ P˜ (N) be a smooth path. We denote by
Tγ(P˜ (N)) and call tangent space of P˜ (N) at the point γ the vector space of
all smooth maps e from I = [0, 1] to T (N) with base bath γ (the base path
here meaning the image of e through the projection TN → N . For every
deformation (ǫ, t)→ γǫ(t) of α, i.e. every smooth map
[0, 1]×]− u,+u[ 7→ N
(t, ǫ) → γǫ(t)
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such that γ0(t) = γ(t), notice that t→
dγǫ(t)
dǫ
∣∣∣
ǫ=0
is an element in the tangent
space of P˜ (N) at the point γ (by construction, it is a map from I = [0, 1] to
TN above the path γ : I → N). We say that a function L from P˜ (N) to R
is differentiable at a point γ if there exists a linear form dγL on the tangent
space Tγ(P˜ (N)) such that
dγL
(
dγǫ(t)
dǫ
∣∣∣∣
ǫ=0
)
=
dL (γǫ)
dǫ
∣∣∣∣
ǫ=0
for all deformation (ǫ, t)→ γǫ(t) of γ. We call dγL the differential of L at γ
and we say that γ is a stationary point when this differential is zero. We say
that γ ∈ S ⊂ P˜ (N) is a stationary point when restricted to some subset S
of P˜ (N) when the differential vanishes on every tangent vector of the form
dγǫ(t)
dǫ
∣∣∣
ǫ=0
with (ǫ, t) → γǫ(t) a deformation of γ valued in S, i.e. such that
the path γǫ is in S for all ǫ ∈]−u, u[. (In practice, our subsets shall of course
be, at least morally, infinite dimensional submanifolds of P˜ (N)).
To express in an explicit manner the differential of LH , we choose an
arbitrary connection ∇ on M . This allows to identifying the tangent space
Tα(T
∗M) with TxM ⊕ T
∗
xM where x = p(α) is the base point of α ∈ T
∗M .
Upon choosing a connection ∇, we have the natural identification:
TαP˜ (T
∗M) ≃∇ Γ(x
∗(TM ⊕ T ∗M)) (19)
More precisely, one can identify an element in TαP˜ (T
∗M) with a pair (γ0, δ0)
of smooth maps from I = [0, 1] to TM and T ∗M respectively such that for
all t ∈ I, γ0(t) and δ0 belongs to Tx(t)M and T
∗
x(t)M respectively.
Proposition 22 Let M be a manifold equipped with a bivector field π. For
every function H ∈ C∞(M), the functional LH is differentiable (in the sense
above) at all point α ∈ P˜ (T ∗M).
Moreover, upon choosing a connection ∇ with torsion Tor∇, and identify
an element in TαP˜ (T
∗M) with a pair (γ0, δ0), as in (19), the differential of
LH at the point α ∈ P˜ (T ∗M) in the direction of (γ0, δ0) ∈ TαP˜ (T
∗M) is
then given by:
dαL
H(γ0, δ0) =
∫ 1
0
〈
δ0(t), XH |x(t) −
dx(t)
dt
〉
dt
+
∫ 1
0
〈
α,∇γ0XH +Tor
∇
(
dx(t)
dt
, γ0
)
+∇ dx(t)
dt
γ0
〉
=
∫ 1
0
〈
δ0(t), XH |x(t) −
dx(t)
dt
〉
dt
+
∫ 1
0
〈
α,∇γ0XH +Tor
∇
(
dx(t)
dt
, γ0
)〉
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−∫ 1
0
〈
∇ dx(t)
dt
α, γ0
〉
+ 〈α(1), γ(1)〉 − 〈α(0), γ(0)〉 .
In the previous, we used the same notation ∇ for a connection on TM and
its induced connection on T ∗M .
Proof. To go from the first to the second equality of the display of proposi-
tion 22, we use integration by parts, which takes, in this context, the follow-
ing form: for a given path x on M , and arbitrary β : I → T ∗M, ξ :→ TM
such that β(t) ∈ T ∗
x(t)M, ξ(t) ∈ Tx(t)M for all t ∈ I, the following relation
holds:∫ 1
0
〈
∇ dx(t)
dt
β, ξ
〉
dt+
∫ 1
0
〈
β,∇ dx(t)
dt
ξ
〉
dt = 〈β(1), ξ(1)〉 − 〈β(0), ξ(0)〉.
It suffices therefore to prove the first formulation of the differential of LH .
Let (ǫ, t) → αǫ(t) be a deformation of α. By construction,
dαǫ(t)
dǫ
∣∣∣
ǫ=0
is a
path valued in T (T ∗M) above α, which in view of (19) can be identified
with an element (γ0, δ0) in Γ(x
∗(TM ⊕ T ∗M)). According to the definition
of LH in equation (18), and Fubini theorem, we have:
dLH (αǫ)
dǫ
∣∣∣∣
ǫ=0
=
∫ 1
0
d
dǫ
∣∣∣∣
ǫ=0
〈
XH |xǫ(t) −
dxǫ(t)
dt
, αǫ(t)
〉
dt
where t→ xǫ(t) is for every ǫ ∈]−u, u[ the base path of the path t→ αǫ(t).
To complete the proof of the proposition, it suffices to establish the following
identity for all t ∈ I:
d
dǫ
∣∣
ǫ=0
〈
XH |xǫ(t) −
dxǫ(t)
dt
, αǫ(t)
〉
=
〈
δ0(t), XH |x(t) −
dx(t)
dt
〉
+
〈
α,∇γ0XH +∇ dx(t)
dt
γ0 +Tor
∇
(
dx(t)
dt
, γ0
)〉
.
This result is obvious when M = Rn is equipped with the canonical connec-
tion∇0, case in which is just amounts to a simple computation of differential:
d
dǫ
∣∣
ǫ=0
〈
XH |xǫ(t) −
dxǫ(t)
dt
, αǫ(t)
〉
=
〈
δ0(t), XH |x(t) −
dx(t)
dt
〉
+
〈
α, dXH(γ0) +
dγ0(t)
dt
〉
.
(20)
which is the desired quantity since for the canonical connection, the torsion
vanishes, the identities dγ0(t)
dt
= (∇0) dx(t)
dt
γ0 and dXH(γ0) = (∇
0)γ0(XH)
hold.
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To prove the general case, it suffices therefore to establish that the quan-
tity that appears on the right hand side of (20), i.e.〈
δ0(t), XH |x(t) −
dx(t)
dt
〉
+
〈
α,∇γ0XH +∇ dx(t)
dt
γ0 +Tor
∇
(
dx(t)
dt
, γ0
)〉
,
(21)
does not depend on the choice of a connection ∇, since this invariance allows
to use local charts to reduce the problem to Rn equipped with the canonical
connection where it is shown to be true.
Let ∇′ be a second connection on M . There exists a 2-1 tensor A :
TM × TM → TM that we chose to denote by (u, v) 7→ Au(v) such that:
∇′uv = ∇uv +Au(v)
for all tangent vectors u, v in the same tangent space. Recall that the identifi-
cation of TαP˜ (M) with pair of paths above the base path x in TM and T
∗M
depends on the connection. More precisely, upon changing ∇ to ∇′ = ∇+a,
the isomorphism (19) amounts to the following transformation
(γ0, δ0)→
(
γ0, δ0 +A
∗
γ0
(α)
)
.
When changing the connections, all the terms adding up to the right hand
side of (21) are therefore modified and the array below recapitulates how:〈
δ0(t), XH |x(t) −
dx(t)
dt
〉
becomes
〈
δ0(t), XH |x(t) −
dx(t)
dt
〉
+
〈
A∗γ0(α), XH |x(t) −
dx(t)
dt
〉
〈α,∇γ0XH〉 becomes 〈α,∇γ0XH〉+ 〈α,Aγ0XH〉〈
α,∇ dx(t)
dt
γ0
〉
becomes
〈
α,∇ dx(t)
dt
γ0
〉
+
〈
α,A dx(t)
dt
γ0
〉
〈
α,Tor∇
(
dx(t)
dt
, γ0
)〉
becomes
〈
α,Tor∇
(
dx(t)
dt
, γ0
)〉
+
〈
α,A dx(t)
dt
(γ0)−Aγ0
(
dx(t)
dt
)〉
.
Adding up the terms of the first or the third column, one obtains the same
quantity, which proves that (21) does not depend on the choice of a connec-
tion and therefore completes the proof. 
3.3 Statement of the main results
We introduce two types of subsets of the set P˜ (T ∗M) of all paths from
I = [0, 1] to T ∗M .
Definition 23 Let M be a manifold. Given two points m,m′ ∈ M , we
denote by P˜m,m′(T
∗M) and call paths connectingm tom′ subset of P˜ (T ∗M)
which satisfy x(0) = m and x(1) = m′. Here, x = p ◦ α is on usual mode of
paths the base path of α.
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Assume nowM is equipped with a bivector field π. We denote by Pˆm,m′(T
∗M)
and call initially cotangent paths for π connecting m to m′ the set of paths
α connecting m to m′ such that the equation (15) is satisfied for t = 0, i.e.:
π#(α(0)) =
dx(t)
dt
∣∣∣∣
t=0
Given two points m,m′ ∈M , the function LH(α) restricts to a function,
still denoted by LH , on each of the previous two subsets. The main purpose
of this paper is to prove the following result, interpreting the stationary
point of these restricted functionals:
Theorem 24 Let M be a manifold and π be a bivector field on M .
1. If the bivector field π is foliated, then for every function H ∈ C∞(M)
and every pair m,m′ ∈ M , the stationary points of the restriction of
LH to the set of initially cotangent paths for π connecting m to m′ are
cotangent paths for π.
2. If for every function H ∈ C∞(M) and every pair m,m′ ∈M , the sta-
tionary points of the restriction of LH to the set of initially cotangent
paths for π connecting m to m′ are cotangent paths for π, then the
bivector field π is weakly foliated.
3. The bivector field π is Poisson if and only if, for every function H ∈
C∞(M) and every pair m,m′ ∈ M , the stationary points of the re-
striction of LH to the set P˜m,m′(T
∗M) of paths connecting m to m′
are quasi-cotangent paths for (π,H).
Notice the following straightforward corollary:
Corollary 25 Let π be a bivector field on an open M of Rn. If π is a
Poisson structure, then, for every functions H ∈ FM and every pair of
points m,m′ in M , the stationary points of the restriction of LH to the
set Pˆm,m′(T
∗M) of initially cotangent paths for π connecting m to m′ are
quasi-cotangent paths for (π,H).
This proof of theorem 24 will be done in several stages.
Proposition 26 Let π be a bivector field on a manifold M . Chose ∇ a
connection on M .
1. The stationary points of the restriction of LH to the set of paths
P˜m,m′(T
∗M) are the paths α with base path x that satisfy x(0) =
m,x(1) = m′ and the following two equations:{
∇ dx(t)
dt
α = −(KH
x(t))
∗(α(t))
dx(t)
dt
= XH |x(t) .
(22)
with KH as in lemma 21.
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2. The stationary points of the restriction of LH to the set of initially
cotangent paths for π from m to m′ Pˆm,m′(T
∗M) are the paths that
satisfy (22) and x(0) = m,x(1) = m′, π#m(a(0)) =
dx(t)
dt
∣∣∣
t=0
.
Proof. A path of the form (0, δ0) is automatically tangent to both P˜m,m′(T
∗M)
and Pˆm,m′(T
∗M) if δ0(0) = 0. For any stationary point of the restriction on
LH of the whole P˜m,m′(T
∗M), By proposition 22, this implies that for all
such δ0: ∫ 1
0
〈δ0(t), XH |x(t) −
dx(t)
dt
〉dt = 0.
This condition is satisfied if and only if the second relation in (22) is satisfied.
A path of the form (γ0, 0) is automatically tangent to both P˜m,m′(T
∗M)
and Pˆm,m′(T
∗M) if γ0 is zero at t = 0 and t = 1 and γ0 has a derivative
equal to zero at t = 0. By proposition 22, for all such δ0:∫ 1
0
〈
α,∇γ0XH +Tor
∇
(
dx(t)
dt
, γ0
)〉
dt−
∫ 1
0
〈
∇ dx(t)
dt
α, γ0
〉
= 0dt.
Since the second relation in (22) is satisfied, this amounts to:
0 =
∫ 1
0
〈
α,∇γ0XH +Tor
∇ (XH , γ0)
〉
dt (23)
−
∫ 1
0
〈
∇ dx(t)
dt
α, γ0
〉
dt (24)
=
∫ 1
0
〈
α,KH(γ0)
〉
−
∫ 1
0
〈
∇ dx(t)
dt
α, γ0
〉
dt. (25)
This condition is satisfied if and only if the first relation in (22) is satisfied.

Corollary 27 Let π be a bivector field on a manifold M . If the Hamiltonian
field XH of H is complete, then:
1. For any point m in M and all α0 ∈ T
∗
mM , there exists m
′ ∈ M such
that the restriction of LH to P˜m,m′(T
∗M) admits a stationary point
α(t) with α(0) = α0.
2. For any point m inM and all α0 ∈ T
∗
mM such that π
#
m(α0−dmH) = 0,
there exists m′ ∈ M such that the restriction of LH to P˜m,m′(T
∗M)
admits a stationary point α with α(0) = α0.
Proof. The Hamiltonian field XH being complete, the system of differential
equations (22) admits a solution for any initial value. For the second of these
relations, this is by definition of completeness, while for the first one, it is by
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linearity of the remaining equation when x(t) is given. These solutions are
stationary points of the restriction of LH to P˜m,m′(T
∗M) with α(0) = α0
by item 1 in proposition 26. This proves item 1 of the corollary. If in
addition π#m(α0 − dmH) = 0, which amounts to π
#
m(α0) = XH |m=
dx
dt
|t=0,
the solution of (22) starting from α0 is a stationary point of the restriction
of LH to P˜m,m′(T
∗M) by item 2 in proposition 26. This proves item 2 of
the corollary. 
Lemma 28 Let M be a manifold and π a bivector field on M . For every
function H and every torsion free connection ∇
∇ dx
dt
dx(t)H = −K
H
x(t)
∗
(dx(t)H), (26)
with x(t) the integral curve through m of XH and K
H is defined as in propo-
sition 26.
Proof. Let u be an arbitrary vector field. By definition of the torsion:
〈dx(t)H,Tor
∇(u,XH)〉 = 〈dx(t)H,∇XHu−∇uXH − [XH , u]〉. (27)
By the definition of brackets of vector fields, we have 〈dx(t)H, [XH , u]〉 =
XH(u(H)) − u(XHH) = XH(u(H)), the last identity follows from the fact
that the XH(H) = 0 by skew-symmetry of π. By definition of a connection
and its dual,
XH(u(H)) = 〈∇XHu, dx(t)H〉+ 〈u,∇XHdx(t)H〉.
So that equation (27) amounts to:
〈dx(t)H,∇uXH〉+ 〈u,∇XHdx(t)H〉 = 〈dx(t)H,Tor
∇(u,XH)〉
i.e.
〈(KH)∗(dx(t)H)−∇XHdx(t)H,u〉 = 0.
Since u is arbitrary and XH =
dx
dt
, the result follows. 
Proposition 29 Let M be a manifold and π a bivector field on M . For
every function H, the Lie derivative of π with respect to XH is given, for
every torsion free connection ∇, by:
(∇ dx(t)
dt
π)# = KHm ◦ π
#
m + π
# ◦KHm
∗
− ((LXHπ)m)
#, (28)
with x(t) being the integral curve through m of XH and K
H as in lemma 21.
We start with a lemma:
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Lemma 30 LetM be a manifold. For every vector field u, every multivector
field P and every connection ∇:
LuP = N(P )−∇uP (29)
with N(v) := ∇vu+Tor
∇(u, v) for all vector field v and where N : ∧•TM →
∧•TM is the natural extension of N by derivation:
N(v1 ∧ . . . ∧ vk) = N(v1) ∧ v2 ∧ . . . ∧ vk + v1 ∧N(v2) ∧ . . . ...
Proof. Equation (29) is true when P is a vector field (in which case we
just recover the definition of the torsion),
LuP −N(P ) +∇uP = [u, P ] +∇Pu−∇uP = Tor(u, P )
and the set of multivector field on which it is true is an algebra (because
Lu, N , ∇u are derivations), so it is valid for all multivector P . 
We can now prove proposition 29:
Proof. Lemma 30, applied to the vector fields XH , the bivector field π
gives:
LXHπ = K
H
∗ (π)−∇XHπ
The formula (Nπ)# = Nπ#+π#N∗ being valid for every bivector field and
every 1-1-tensor N . Proposition 29 follows. 
Corollary 31 Let π be a bivector field on a manifold M . For all m,m′ ∈M
and any stationary point α (with base path x) of the restriction on P˜m,m′ or
Pˆm,m′ of LH , the following differential equation
∇ dx(t)
dt
c(t) = KHx(t)(c(t)) + (LXHπ)
#(α(t) − dx(t)H) (30)
is satisfied by c(t) = π#
x(t)(α(t)) −
dx(t)
dt
. (Here KH is as in lemma 21)
Note that (LXHπ)
#(dx(t)H) = 0. However, it is desirable to keep this
term.
Proof. It follows from (28) and (22) that:
∇ dx(t)
dt
π
#
x(t)α(t) = K
H
x(t) ◦ π
#
x(t)(α(t)) + π
#
x(t) ◦K
H
x(t)
⊥
(α(t))
+ (LXHπ)
#(α(t)) − π#
x(t)K
H
x(t)
⊥
(α(t))
= KHx(t) ◦ π
#
x(t)(α(t)) + (LXHπ)
#(α(t)).
It also follows from (22) that:
∇ dx(t)
dt
= π#
x(t)
(
dx(t)H
)
.
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Hence, according to (26):
dx(t)
dt
π
#
x(t)dx(t)H = K
H
x(t) ◦ π
#
x(t)(dx(t)H(t)) + (LXHπ)
#(dx(t)H).
Therefore:
∇ dx(t)
dt
dx(t)
dt
= KHx(t)
(
dx(t)
dt
)
+ (LXHπ)
#(dx(t)H).
By taking the difference of these two equations, one obtains equation (30).

We can now prove theorem 24.
Proof. Let us show item 1. For every functionH ∈ C∞(M) and allm,m′ ∈
M , stationary points of the restriction of LH to the subset Pˆm,m′(T
∗M) of
initially cotangent paths for π connecting m to m′, are such that:
c(t) = π#
x(t)
(
(α(t)) −
dx(t)
dt
)
,
satisfies (30). Now by proposition 11, if the bivector field π is foliated, then
there exists a smooth map t→ (CH)t with (CH)t ∈ End(Tx(t)M) such that
(LXHπ)
# = CH ◦ π
# and (30) becomes:
d(c(t))
dt
= KHx(t)(c(t)) + (CH)tπ
#
x(t)
(
(α(t)) − dx(t)H
)
=Mt(c(t))
with Mt := K
H
x(t) + (CH)t. This equation is linear, and by definition of
initially cotangent paths, c(0) = 0 so that c(t) = 0 for all t, which means
that the stationary point α is a cotangent path for π.
Let us show item 2. Let α be a stationary point of LH restricted to
Pˆm,m′(T
∗M). By assumption it is a cotangent path for π, so that the path
c defined as in (30) is equal to 0. Equation (30) then implies that, for every
stationary point α of LH restricted to Pˆm,m′(T
∗M), the following equation
holds:
(LXHπ)
#(α(t) − dx(t)H) = 0,
where x is, as usual, the base path.
Now for all m ∈ M , and all function H defined in a neighborhood of
m, there exists a function with compact support, that we still denote by H,
that coincides with H in a neighborhood of m. The Hamiltonian vector field
XH is complete, so that for all α0 ∈ T
∗
mM with π
#
m(α0) = (XH)|m, i.e. such
that:
π#m(α0 − dmH) = 0, (31)
there exists by corollary 27 a stationary point α of the restriction of LH
to Pˆm,m′(T
∗M), with m′ = φ1(m) starting from α0. As we just saw, this
stationary point α satisfies
(LXHπ)
#(α− dx(t)H) = 0. (32)
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Applied to t = 0, this identity amounts to (LXHπ)
#(α0 − dmH). Hence for
every α0 such that equation 31 holds, equation 32 also holds, which means
that the kernel of π#m is contained in the kernel of ((LXHπ)m)
#, or, by skew-
symmetry, that the image of ((LXHπ)m)
# is contained in the image of π#.
Since this is valid for all m ∈M and all function H, proposition 16 implies
that π is weakly foliated.
Let us show item 3. Let H be a function in C∞(M) and let α be a
stationary point with base path of the restriction of LH to the set of paths
relating m andm′. Since π is Poisson, the Lie derivative of π in the direction
of XH vanishes, and Equation (30) becomes
d(c(t))
dt
= KHx(t)(c(t)) with c(t) = π
#(α(t)) −
dx(t)
dt
.
By lemma 21, paths that satisfy this equation are quasi-cotangent paths for
(π,H).
Conversely, for all m ∈ M and α0 ∈ T
∗
mM , and all function H defined
in a neighborhood of m, there exists a function with compact support, that
we still denote by H, that coincides with H in a neighborhood of m. The
Hamiltonian vector field XH is complete, so that there exists by Corollary
27 a stationary point α of the restriction of LH to P˜m,m′(T
∗M), with m′ =
φ1(m) starting from α0. By assumption, α is quasi-cotangent for (π,H).
Lemma 21 implies that it satisfies:
d(c(t))
dt
= KHx(t)(c(t)) with c(t) = α(t)− dx(t)H,
this is compatible with equation (30) if and only if:
(LXHπ)
#(α(t) − dx(t)H) = 0.
Applied to t = 0, this identity amounts to (LXHπ)
#(α0− dmH). Since α0 is
arbitrary, this implies that LXHπ = 0. Since H is also arbitrary (at least in
a neighborhood of m), π needs to be Poisson in a neighborhood of m. Since
m is arbitrary, the bivector field π is Poisson. 
3.4 Several counterexamples
We explain why theorem 24 is the best outcome we can hope for, by giving
counterexamples to its attempted reciprocal.
I. The implication stated in item 1) of theorem 24 can not be
inverted.
Consider the bivector field (13) on M = R4 of example 17 for i = 1
which is not foliated (although it is weakly foliated). We claim that for
every function H ∈ C∞(M) and every pair m,m′ ∈ M , the stationary
points of the restriction of LH to the set of initially cotangent paths for π
connecting m to m′ are cotangent paths for π.
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Specializing relations (22) to the canonical connection on M = R4, one
sees that stationary paths for a given function H of the restriction of LH to
the set of initially cotangent paths for π connectingm tom′ are the solutions
α(t) = (x(t), a(t)) ∈ R8 ≃ T ∗R4 of the following differential equations:{
da(t)
dt
= −KH
x(t)
∗
(a(t))
dx(t)
dt
= XH |x(t) .
If m is a point of the form m = (0, 0, u, v), then πm is zero at this point.
Therefore either a stationary path of the restriction of LH is for all t at
points of the form m = (0, 0, u, v), or it never intersects such a point. If m
does not belong to this set, π is then foliated, and therefore the stationary
paths of the restriction of LH to the set of initially cotangent paths for π
connecting m to m′ are cotangent paths for π by item 1) in Theorem 24.
We therefore an example for which all the stationary points are cotangent
path although the bivector field is not foliated.
II. The implication stated in item 2) of theorem 24 can not be
inverted.
Consider the bivector field (13) on M = R4 of example 17 for i = 0.
Again, this bivector field is not foliated, although it is weakly foliated.
Choose H(x, u, y, v) = u. The path α(t) = (a(t), x(t)) in T ∗M ≃M ×M ≃
R
4 × R4 given by
a(t) = (0, 1, 1, 0) and x(t) = (t, 0, 0, 0)
has a base path x(t) admitting m = (0, 0, 0, 0) ∈ M as starting point and
m′ = (1, 0, 0, 0) ∈M as ending point.
This path is initially cotangent for π, since
π
#
x(0)(0, 1, 1, 0) = (1, 0, 0, 0) =
dx(t)
dt
∣∣∣∣
t=0
.
It is however not a a cotangent path for π, because this identity is not valid
any more for t 6= 0.
Now, we check that α is a stationary point for the restriction of LH to
P˜m,m′(T
∗M). By proposition 26, it suffices to verify that equation (22) are
satisfied, which is an obvious verification in this case. First x(t) = XH =
∂
∂x
.
Now, since XH =
∂
∂x
, we have KH = 0 when computed with respect to the
canonical connection on R4, while da(t)
dt
= 0 so that the second relation in
(22) holds as well. Hence we have an example of a weakly foliated bivector
field for which there is a function H and a points m,m′ ∈M such that the
restriction of LH to the set P˜m,m′(T
∗M) admits a stationary points which
is not a cotangent path.
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4 Relation with Poisson σ-models
In [9], Klimcˇ´ık and Strobl introduce a functional whose stationary points
correspond to Lie algebroid morphisms. We would like to relate our func-
tional to theirs. A technical difficulty comes from the fact that they work
with loops while we work with paths. Adapted to paths, the functional that
appear in (1) of [10] is defined as follows. Let M be a manifold equipped
with a bivector field π, a priori not Poisson. Consider β a vector bundle mor-
phism from T (I2) to T ∗M with I = [0, 1]. Concretely, β is defined by a map
X : I2 → M and a pair of maps from I2 to T ∗M above X, namely β
(
∂
∂t
)
and β
(
∂
∂y
)
, with t and y being the canonical coordinates of the square I2.
The functional of [9] is then:
LKS =
∫
I2
(〈
β
(
∂
∂t
)
,
∂X
∂y
〉
−
〈
β
(
∂
∂y
)
,
∂X
∂t
〉)
dtdy
+
∫
I2
〈
β
(
∂
∂t
)
∧ β
(
∂
∂y
)
, πX(y,t)
〉
dtdy.
Out of every map α : I → T ∗M with base path x we can, given a function
H whose Hamiltonian flow is well-defined at time 1 (at least at all points
of the curve x) associate a vector bundle morphism α˜ from T (I2) to T ∗M
by X(t, y) = φy(x(t)) where φ is the flow of XH and the vector bundle
morphism induced by:
α˜
(
∂
∂y
)
= Tφ∗−y (α(t)) and α˜
(
∂
∂t
)
= dX(t,y)H.
(By construction, both α˜( ∂
∂t
) and α˜( ∂
∂y
), defined as previous, belong to the
cotangent space T ∗
X(t,y)M for all (y, t) ∈ I
2, which justifies the definition of
α˜.)
Proposition 32 Let M be a manifold equipped with a bivector field π. For
all function H whose Hamiltonian flow is defined at time 1 and all α : I →
T ∗M , the following relation holds:
LH(α) = LKS(α˜),
with α˜ being defined as above.
Proof. According to (33), the quantity LKS(α˜) is the alternate sum of
three integrals:
∫
I2
〈α˜
(
∂
∂t
)
, ∂X
∂y
〉dtdy,
∫
I2
〈α˜
(
∂
∂y
)
, ∂X
∂t
〉dtdy,∫
I2
〈α˜
(
∂
∂t
)
∧ α˜
(
∂
∂y
)
, πX(t,y)〉dtdy
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We claim that the integrand of the first term vanishes, while the integrands
of the second and third terms does not depend on the variable y. Let us
prove these three points. First, by construction X(t, y) = φy(x(t)), so that
∂X
∂y
= XH |φy(x(t)). By definition also, α˜(
∂
∂t
) = dX(t,y)H so that〈
α˜
(
∂
∂t
)
,
∂X
∂y
〉
= 〈dX(t,y)H, XH |φy(x(t))〉 = 0,
by skew-symmetry of π. This proves the first point, which immediately
implies: ∫
I2
〈
α˜
(
∂
∂t
)
,
∂X
∂y
〉
dtdy = 0. (33)
For the second point, it suffices to see that for all t ∈ I and all y ∈ I:〈
α˜
(
∂
∂y
)
,
∂X
∂t
〉
=
〈
Tφ∗−yα(t), Tφy(
dx(t)
dt
)
〉
=
〈
α(t),
dx(t)
dt
〉
.
This quantity does not depend on y, which, in turn, gives the relation:∫
I2
〈
α˜
(
∂
∂y
)
,
∂X
∂t
〉
dtdy =
∫
I
〈
α(t),
dx(t)
dt
〉
dt. (34)
For the third point, it suffices to see that for all t ∈ I and all y ∈ I, by
definition:〈
α˜
(
∂
∂t
)
∧ α˜
(
∂
∂y
)
, πX(t,y)
〉
=
〈
dX(t,y)H ∧ Tφ
∗
−yα(t), πX(t,y)
〉
=
〈
Tφ∗−yα(t), XH |φy(x(t))
〉
.
A vector field being always preserved by its flow, we have:
XH |φy(x(t)) = Tφ0(x(t))φy
(
XH |φ0(x(t))
)
= Tx(t)φy
(
XH |x(t)
)
,
which implies:〈
α˜
(
∂
∂t
)
∧ α˜
(
∂
∂y
)
, πX(y,t)
〉
=
〈
Tφ∗−yα(t), Tx(t)φy
(
XH |x(t)
)〉
=
〈
α(t),
(
XH |x(t)
)〉
.
This quantity does not depend on y, which in turn gives the relation:∫
I2
〈
α˜
(
∂
∂t
)
∧ α˜
(
∂
∂y
)
, πX(t,y)
〉
dtdy =
∫
I
〈
α(t),
(
XH |x(t)
)〉
dt. (35)
The alternate sum of the right hand sides of (33-34-35) gives LH(α), while
the alternate sum of the left hand sides of these three equations gives
LKS(α˜). This completes the proof. 
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